Online Summer Math Circle
Week 3: Algebra Techniques




Solving Systems of Equations

Example 10.1. If A, B, C, D, E, I and (G satisfy the equations shown, what is the

value of each variable?

t:3 A= B+C = ¢
A+B+C=5
B+C+D=T7 D._ 3
C+D+E=09 = C:’S
D+E+F=11 E'\'C’g B'(

E+F+G=13
F+G=10 C - 6
Ad P4 =11 3


student
Pencil


Example 10.2. Find the sum of of the 5 variables if the following equations are true:
As R+ (40_\'6, A+B+C+D+2E =10
A+B+C+2D+E=9
A+B+2C+D+E=8
A+2B+C+D+E=T
2A+B+C+D+E=8

CA40GR &QC%—(,,D&(QL z

A+ Bae+DiE ij


student
Pencil


Example 10.3. Find all ordered triples (a, b, ¢) such that

ab = 2
be =3

ac = 0.

P a

O\‘OC; 6 61 QL)C:_G


student
Pencil


Checkpoint 10.1. Find a + b (without explicitly finding a and b) if @ and b satisfy
a + 2b = 20 and 4a + 3b = 15. After doing this, solve explicitly for a and b.

Sa+5b =34
at+th = 7:\

b= (3]
B=-G



student
Pencil

student
Pencil


Special Factorizations

l. xz" -yt = (xz—y) (@ 1+ 2" %y + - + 2y"2 + y™!) In particular,

(8) 28 =9 = (z+ y)z - y)
(b) 3 — y* = (x — y)(2% + xy + y?)
) z"—-1=(z-1D)(z" ' +2"2+2" 3 +...4+1)

2. x If n is odd,
" + yn — (I' % 7/) (.’l.‘”—l _ In—2y cmss .,.L.y'n.—Z kil yn.—l)
In particular,

(a) ° +y° = (v +y)(2? — 2y + y?)
(b) :Cn 1 1 - (."lT + 1)(1771—1 _ ',L,n—z + In—.’i . + (_l)n—l)



Special Factorizations (cont.)

3. * The following factorizations can help you find the sum of powers of roots.

(a) (a+b+c)?=a?+b*>+ 2+ 2(ab+ bc + ca)
(b) (a+b+c))=a*+b*+c+3(a+b)(b+c)(c+a)

For example, if 1, 79, ..., rp are the roots of a polynomial, we can find r{ + r5 +
...+ r¢ by using Vieta’s formulas and the factorizations above. This technique
is known as Newton’s Sums. Note that the above factorizations can be general-
ized, but we omit the general factorization since it doesn’t show up that often
competition math and it can be easily derived.

4. % (Simon’s Favorite Factoring Trick, or SFFT for short) zy + ax + by + ab =
(z + b)(y + a). While this is simply foiling, it’s important that you look out for
expressions of this form. In most situations, x and y are the variables, and a and
b are the constants.



Special Factorizations (cont.)

5. Sophie Germain’s: a* + 4b* = (a? — 2ab + 2b%)(a® + 2ab + 2b?).

6.0+ L3 _3abes (gt b+ c)(@a®+b02+F —ab—bc—ca) = 3(a+b+

OTa - b)? + (b— ) + (c — a)7]. -

(a) a® +b® + ¢ = 3abc if and only if a+b+c=0o0ra=>b=c.

(b) If you have the terms a®, b, and ab, then you can factorize it in this manner
while allowing ¢ = £1.

7. (Lagrange) The abundance of squares formula:

(a® + b%)(c? + d?) = (ac + bd)? + (ad — bc)?.


student
Pencil


Example 10.6. Find 32%y* if 2 and y are integers such that y* + 3z%y? = 302% + 517.

3y b -0yt <Si3
(3%" + | \((01-— (0)= Bl-lo
(3)(74—()%149) c 507
3
Je0e3n 3Ee =1y 3008

Lo 2
4 A1 xt =Y G.4a 3=
(Coy|


student
Pencil


Example 10.7. Compute the value of

20144 +4-2013*  2012% + 4 - 2013*
20132 + 40272 20132 + 40252

Source: BMO 6{;2}(1 , lo':_'z_d\if{“ C = 2_0\ L‘f
Mgt et L

S

f\g’l_‘(‘r‘ ()’l k,z (_(mﬁ’b‘)d'



student
Pencil


((.—0\31(—(—‘\3 -2h(c - J\>



student
Pencil


Example 10.8. Let a, b, and ¢ be real numbers such that a + b+ ¢ = 1. Show that
a® +b° + ¢ — 1 = 3(abc — ab — bc — ca).

Source: AwesomeMath
6:) & \'33 K3 ’3 &\:Q :‘M (ﬁl J")l '\"‘3‘-0)"”1"19
| = (arbeY = gAY 2 abibe s M)
0\24 b3L (= Zabe —2 (&% ¢ be < Q)

o\Q’J—\o?H,g -I = ?)Cw\oc,--ab— [oc_-cag
(1



student
Pencil





Checkpoint 10.2. Solve the system of equations

— r+y=1xy—11
S r: p ‘ {y Fz=yz-19

24+x=2z2x—14

K- y=wH = [

(x-DW=0)= 2
(1-1) (3-1) = 20
(- -0) =15



student
Pencil


Radicals and Conjugates )'e Jf‘j = X~

Checkpoint 10.2. After rationalizing the numerator of ¥ “ V2 find the denominator
in simplest form. Source: AHSME

o) o) = & -y
((\r%—-,\];_)(/\% +/\E> 2 2,

iE (/\FS*AQB Ar ~
i 3(A3



student
Pencil


Breaking up Nested Radicals

a+hi)fas = lo+2 (2

G+b =0 ab=2| -

=3, b4‘% =)

J

™~



student
Pencil


Checkpoint 10.3. De-nest \,./'ll + 2+/30.

5 +) 6



student
Pencil


Theorem 10.1. The following holds:

m:\/a+\/2527b+\/a.—\/2m



Clever Substitutions

Example 10.8. What is the product of the real roots of the equation z?% 4 18z + 3(), =

2V/x% + 18x + 45? Source: AIME 9 =10

— V&
la x L Fy+d0 [):)1‘_(%;\/‘_‘%0

U= 2,\\‘9#\6: S rQyilo =0
\07 = Uy +¢o @

9 -foy —(pe0 (9~ )y +t)= O


student
Pencil


Example 10.9. Find all real numbers a, b, and ¢ such that

Va—-b+Vb—c+c—a=0
?léﬂ’h m 7 =5fcx
/\’4-‘9,4—% =0

A"\'b -\'5 C4+C- R =0 X=0 D g-hcoe «<b
YV 2 ZO[MLG\., Le t) sd{. k'-\a,l,uc, ov (=%



student
Pencil

student
Pencil


Checkpoint 10.4. Let S= (z - 1)*+4(z -1 +6(x—-1)°+4(x—1)+ 1. Then S
equals:

(A) (z —2) (B) (z — 1)1 (C) z¢ (D) (z +1)* (E) z +1

Source: 11]5 ME



student
Pencil


Symmetry

Example 10.9. If x + f = 5, then what is 2% + _I_'z ?



Example 10.10. Find all the solutions to the following equation: a* + 32° — 82% +
3z+1=0.



Divide the polynomial by the middle term (ignoring the coefficient). For example,
o e . 5 ‘ oyt 2 ; . 3
divide the polynomial 2° 4+ 42% — 32° + 42 4+ 1 by 2*, and the polynomial 2°® —
32° + 2% + 32 + 1 by 2°. More generally, if your polynomial has degree n, divide

by z%1.
Let y =ax+ % and write the expression in terms of y by writing x + f T2+ 5.,

r
£ !

. You should now have a polynomial in y. Find the roots of this polynomial.

Now, solve for x by setting x + - to all the solutions you got for y. For each value
of y, multiply both sides by x to get a quadratic in . From here, you can either
factor the expression or use the quadratic formula to solve.

; 1
:172+—2=y2—2

x
: 1
P+ =y -3y
, 1 ;
:1:4+—4=y4—4y2+2

8



Example 10.12. In the following system of equations, solve for the product zyz.

1
r+—=4
Y
1
y+ ==l
~+I_7
“Tx 3



Checkpoint 10.6. In the following system of equations, solve for the product zyz in
terms of a, b, and c.

1
r+ — =a
Y
1
y+-—-=2>








